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Abstract: We calculate the central charges a,c and ka of a large class of four- 
dimensional M = 2 superconformal field theories arising from compactifying the six- 
dimensional M = (2,0) theory on a Riemann surface with regular and irregular punc- 
tures. We also study the renormalization group flows between the general Argyres- 
Douglas theories, which all agree with the a-theorem. 
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1 Introduction 

In the past few years, a large class of four-dimensional M = 2 superconformal field 
theories (SCFTs) have been found using the magical six-dimensional Aw-i (2,0) the- 
ory. These SCFTs fall into two classes: one class has integer scaling dimensions and 
dimensionless exactly marginal deformation, and the other class has fractional scaling 
dimensions 1 and usually has dimensionful coupling constants. The first class is engi- 
neered using regular punctures (first-order poles) on a Riemann surface with arbitrary 
genus [1], and the second class is engineered using a single irregular singularity (higher- 
order pole) and at most one extra regular singularity on a sphere [2]. These SCFTs are 
generically strongly-coupled, namely one can not find a Lagrangian description in any 
duality frame. The geometric construction leads to deep understanding about these 

1 This class is actually much more general than people thought, and all the theories in the first class 
defined using the sphere have an irregular realization. 
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theories, such as the three-dimensional mirror [3], index [4, 5], BPS spectrum, and 
wall-crossing [6-9]. In this paper, we will carry out a systematical calculation of the 
central charges for these new type of SCFTs. 

Four- dimensional M = 2 theories can be characterized by several central charges. 
The central charges a, c reflect the conformal anomaly, which is related to the £7(1 
current anomaly due to the supersymmetry. The flavor central charge kc is defined 
using the two-point function of the global symmetry current, which is related to the 
three-point function of the U(1)r current and two global symmetry currents. These 
central charges are independent of marginal deformations. So for the SCFT which has a 
free field description in the conformal manifold, one could easily compute these central 
charges. Such examples include the M = 4 super Yang-Mills theory and the Af = 2 
SU (N) gauge theory with 2N flavors. 

There are several methods one could use to study a strongly-coupled 4d SCFT, 
which all involve some kind of weakly-coupled description. The first method uses the 
highly nontrivial S-duality of the Af = 2 field theory as pioneered by Argyres and 
Seiberg [10]. The idea is the following: suppose we have a strongly-coupled field theory 
A with non-abelian flavor symmetry, which one could gauge to form a weakly-coupled 
gauge theory description Tl with A as the only strongly-coupled component. If there 
is a totally weakly-coupled description T2 in the S"-duality frame whose central charges 
can be easily computed, then one could find the central charges of A by subtracting the 
contribution from the weakly-coupled part of the original description. See figure la. 
A second method deals with the strongly-coupled theory where there is a nice weakly- 
coupled UV description. If we know the RG flow between a UV theory and the IR fixed 
point and no dramatic exotic description occurs, then the central charges can be found 
using the so-called a-maximization (the IR U(1)r symmetry is a linear combination of 
the UV symmetry) [11]. See figure lb. The third method uses the supergravity dual 
in which one could do classical calculation to find the central charges [12, 13]. 

However, for most of the strongly-coupled Af = 2 theories such as the Argyres- 
Douglas theory, none of the above methods is applicable. There is another method 
using the 3d mirror which always has a Lagrangian description. Using the information 
from the mirror theory, one could easily find the central charges by combining the 
scaling dimensions of the operator spectrum. See figure lc. 

Quite remarkably, one can also calculate the central charges for those theories 
without the 3d mirror. We use a formula from [14] which again relies on the IR 
Lagrangian description. It relates the central charges to the i?-charges of topologically 
twisted theories via the 't Hooft anomaly matching condition. However, one of the 
i?-charges R{B) appearing in the formula is related to the discriminant of the Seiberg- 
Witten curve, which is difficult to compute. Nevertheless, it is possible to find R(B) 
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Figure 1. The calculation of the central charges uses the weakly-coupled Lagrangian de- 
scriptions: a) ^-duality, b) UV completion, c) 3d mirror. 

for these strongly-coupled theories, since they are part of a family of theories labeled 
by a discrete integer number N, and an infinite subset of this family has 3d mirror. For 
theories that admit mirror pairs, we can compute the central charges directly and then 
infer R(B) for this subset. We conjecture that it should extrapolate to all N. This is 
quite natural since R{B) is related to the Seiberg-Witten curve which has a smooth 
form for this family. By using this method, we successfully calculate the central charges 
of all the SCFTs constructed using the punctured Riemann surface, and they recover 
all the calculations presented in the literature [2, 12-16]. Similarly, one can find the 
flavor central charge kc if the theory has non-abelian global symmetries. 

For the Argyres-Douglas theory which has the relevant operators, one can turn on 
the relevant deformations and flow to other SCFTs in the class. We initiate a study 
of the RG flow between these theories and find that the central charge a in the IR is 
smaller than the central charge in the UV. This confirms the the a-theorem [17-20], 
which states that the central charge a decreases monotonically along the RG flow and 
thus measures the degrees of freedom at a given energy scale. 

This paper is organized as follows. In section 2 we calculate the central charges 
a and c for all kinds of SCFTs mentioned above, and study the RG flow between the 
Argyres-Douglas theories to confirm the a-theorem. In section 3 we compute the flavor 
central charge kc- We conclude in section 4. The derivation of the central charges from 
topological gauge theories will be reviewed in the appendix. 
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2 Central charge a, c 



2.1 Summary of calculation tools 

The central charges a, c of a four-dimensional conformal field theory are defined us- 
ing the operator product expansions of energy-momentum tensors. They can also be 
expressed as the coefficients of terms in the conformal anomaly [21-23] 

= 16^ (Weyl)2 " lo^ (Euler) ' (2 ' 1} 

where the Weyl tensor and the Euler density associated with the background curvature 
are defined as 

(Weyl) 2 = R% pa - 2R% + l -R 2 



3 ' (2.2) 



(Euler) = R 2 -AR 2 +R 2 . 



In supersymmetric theories, the central charges can be related to the .R-charges, which 
are in turn related to the operator spectrum. For weakly-coupled theories, one may 
easily find the central charges using the following formula [14] 

2a - c= iE( 2 N-l), a -c=^p, (2.3) 

i 

where we sum the scaling dimensions of all the Coulomb branch operators Uf. Here the 
difference between the number of vectormultiplets n v and the number of hypermultiplets 
rih is effectively equal to minus of the Higgs branch dimension, assuming that the 
gauge symmetry is completely broken. Consider for example the SU(N) theory with 
Nf = 2N. There are N — 1 Coulomb branch operators with dimensions 2, . . . , N, and 
n v = N 2 — 1 and = 2N 2 . Using the above formula, the central charges are found as 

a=l(7iV 2 -5), c=- 6 (2N 2 -l). (2.4) 

For strongly-coupled theories, there is a formula from topological field theories [14] , 
whose derivation will be reviewed in the appendix. 

R(A) R(B) 5r h R(B) r h , n rS 

(1=^—^ + ^—^^ 1 , C =^^H 1 , (2.5) 

4 6 24 24' 3 6 12' v ; 

where R(A) and R(B) are the i?-charges of the path integral measure factors; r, h are 
respectively the number of free vectormultiplets and hypermultiplets at generic points 
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of the Coulomb branch. For the type of theories we consider, r coincides with the 
rank of the Coulomb branch, i.e. the number of operators whose scaling dimensions 
are larger than 1, and h is zero. Using the familiar relation between the i?-charges and 
the operator dimensions R(0) = 2[0], R{A) can be expressed in terms of the scaling 
dimensions of the operator spectrum 



R(B) is determined from the discriminant of the Seiberg-Witten curve, which is in 
general very difficult to calculate. 

There is a special class of strongly-coupled field theories I for which one could find 
the central charges using the S-duality. If the full theory has a Lagrangian description 
in another duality frame, then we could calculate the full central charges easily. The 
full theory in one duality frame is formed by gauging the flavor symmetry of / and 
some other free matters; now the central charge of I is derived by subtracting the 
contribution of the free matters. Let us look at the example of using Argyres-Seiberg 
duality to calculate the central charge of the T3 theory. In one duality frame, the 
theory is SU(3) with six flavors. In another duality frame, the theory is an SU(2) 
group coupled with one fundamental and the T 3 theory. The central charges using 
the SU(3) duality frame is a = 58/24, c = 17/6. In the other duality frame, the 
contribution of the SU(2) with one fundamental is a = 17/24, c = 4/6. Therefore the 
central charge of the T3 theory is 



For the general strongly-coupled theory /, it is hard to find such good full theory which 
satisfy the above two constraints: J is a component in one duality frame and the full 
theory has a weakly-coupled description in another duality frame. 

In this paper, we take another approach by using the formula (2.3) to calculate the 
central charges of a large class of SCFTs engineered using the six-dimensional (2, 0) 
theory. By looking at that formula, we can regard — n v as the dimension of the 
Higgs branch, and such number could be read from the three-dimensional mirror which 
usually has a Lagrangian description! By this method, one can easily find the central 
charges of many theories. Let us illustrate the above idea for the T 3 theory. The three- 
dimensional mirror is shown in figure 2, whose Coulomb branch dimension is 11 which 
gives the Higgs branch dimension of the T3 theory. The T3 theory has one Coulomb 
branch operator with dimension 3. Substituting the above information into the formula 




(2.6) 
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Figure 2. 3d mirror for the T3 theory 



(2.3), we have the equations 



2a — c 



5 
4 : 




11 



(2.8) 



Hence a = || and c = y, which matches the result from using the S'-duality. 

However, there are also strongly-coupled Argyres-Douglas theories which do not 
admit three-dimensional mirrors. For these theories, our strategy for calculating the 
central charges is to assume that R(B) has a universal form for the theories in a family 
labeled by an integer N, i.e. it is a function of N. In this case the formula (2.5) 
turns out to be quite useful. For the subset of theories which have 3d mirrors, we can 
compute R(B) using the explicit central charges found from the formula (2.3). After 
finding out R(B), we could also calculate the central charges of the strongly-coupled 
theories without 3d mirror. 

2.2 Regular punctures 

A large class of M = 2 superconformal field theories can be engineered by compactifying 
the six-dimensional A^-i (2, 0) theory on a Riemann surface with regular punctures 
(first-order poles). 2 The data in defining the theories are 

a. A punctured Riemann surface with genus g. 

b. Each puncture is labeled by a Young tableau Y = [h\, h%, . . . , h r ) with a total of 
k = ^2 hi boxes. 

The gauge coupling constants are identified with the complex structure moduli of the 
Riemann surface. The mass parameters and flavor symmetry can be read from the 

This type includes the An and the afhne An type quiver theories with Lagrangian description 
considered in [24]. The An quiver is realized as a sphere with several simple punctures and two 
generic punctures, and the afhne An quiver is realized as a torus with several simple punctures. It 
also includes the strongly-coupled theory with E n flavor symmetry considered in [25, 26], i.e. the E 6 
theory is realized as the A2 theory on a sphere with three full punctures. 
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Young tableau, i.e. there are r — 1 mass parameters and the flavor symmetry from each 
puncture is 

S HU(1 H ) , (2.9) 

where lh is the number of columns with height h in the Young tableau. The full flavor 
symmetry is usually the direct sum of the flavor symmetries from all the punctures 
(sometimes there is an enhancement). The S"-duality is realized as different degenera- 
tion limits of the same Riemann surface [1]. The weakly-coupled gauge group and the 
matter content in each duality frame are solved in [27], see also [15] for some examples. 

The number of Coulomb branch operators can be counted using the data in each 
Young tableau. Let us focus on the sphere case by taking g = (the higher genus case 
is simple once the sphere case is understood). Define pf = i — s'f , where is the 
height of the i-th box in the j-th tableau. The number of dimension i (2 < i < k) 
operators of the SCFT can be obtained by summing over all the Young tableaux 

di = J2Pi J) - 2i + 1 - ( 2 - 10 ) 

j 

Thus the operator spectrum can be easily determined from the geometric data. The 
IR behavior of the Coulomb branch can also be found from the geometric construction. 
The Seiberg-Witten curve corresponds to the spectral curve of the Hitchin integrable 
system defined by the above data: 



k + ^§ l {z)x k - i = 0, (2.11) 



x 

where z is the coordinate on the Riemann surface and x is the coordinate on the 
cotangent bundle; $j is a degree i meromorphic differential on the Riemann surface 
whose pole structure at the singularity is determined by Young tableaux. 

To use the formula (2.3), we need to know the effective number of the Higgs branch 
dimension. This can be read from the 3d mirror [28-30] as follows. We compactify the 
4d theory on a circle and flow in the deep IR to a 3d M = 4 SCFT. Mirror symmetry 
exchanges the Coulomb branch of this theory and the Higgs branch of the mirror theory, 
and vice versa. The wonderful thing is that the 3d mirror for the class of theories 
considered above always has a Lagrangian description. Moreover, the mirror theory 
is always "good" 3 considering only the non-degenerate case when there are sufficiently 



3 A 3d "good" theory means that the i?-symmetry in the IR is the same as the UV theory, as defined 
in [30]. For the star-shaped quiver considered here, "good" theory means that N c > 2Nf for all the 
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Figure 3. Quiver tail for a regular puncture in the mirror theory. 




Figure 4. Gaiotto construction of superconformal QCD with Nf = 4 and Nf = 6 on a sphere 
with four punctures, and their mirror pairs. One can find that the true flavor symmetry is 
U(2Nf) and U(l), since there is a chain of A^. subquiver which satisfies the 4d M = 2 
conformal relation, which will give the U(2Nf) symmetry. 



many punctures. So the knowledge of the Coulomb branch of the mirror theory would 
give us the Higgs branch dimension of the original theory. 

Let us review how to obtain the mirror theory of a given M = 2 theory denned 
on a sphere with regular punctures. Each regular puncture is associated with a Young 
tableau Y , and one can associate a quiver tail with it. Suppose the tableau has height 
Yq = [hi, ti2, . ■ ■ , h r ], then we get in the mirror theory a quiver of the form 

k\ - SU(h 2 + ... + h r ) 3U(h r -i + hr) - SU(h r ), (2.12) 



where the leftmost box k denotes the global flavor symmetry group SU(k). For 
example, the quiver tail corresponding to the tableau Fh~l is shown in figure 3. 

The full 3d mirror is derived by gauging the diagonal SU(k) symmetries of all the 
quiver tails. It is a star-shaped quiver [3], which always has a Lagrangian description. 
Let us consider two simple examples: the SU(2) theory with Nf = 4 and the SU(3) 
theory with Nf = 6. The six-dimensional construction and the mirror quiver are shown 
in figure 4. 4 The Higgs branch dimension of the original theory is equal to the Coulomb 
branch dimension of the star-shaped quiver. 

With the knowledge of the operator spectrum and the 3d mirror, one can easily 
find out the central charges of any SCFT defined using regular punctures on a sphere. 



quiver nodes. 

4 One can actually see the enhancement of the flavor symmetry using the result in [30]: if there is 
a subquiver with the ADE shape and each quiver node satisfies the condition Nf = 2N C , then there 
is an enhanced flavor symmetry of the corresponding ADE type. 
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Figure 5. 3d mirror for the theory. 



Let us give a simple example here. 



Example 1: The Tk theory is realized as a sphere with three full punctures, which 
are each labelled by the Young tableau Y = [1, . . . , 1]. Since each column has height 1, 
we have = i — 1. The number of dimension i operators is 

3 

di = ^pf ] -2i + l =i-2. (2.13) 

j'=i 

The Higgs branch dimension read from the Coulomb branch dimension of the mirror 
(see figure 5) is 

-(n v - n h ) = ^(k - l)(3fc + 2). (2.14) 
Using the formula (2.3), we have 

2a ~ = 7 E( 2i -m-2) = hk-2)(k- 1)(4* + 3), 

4 7^ 24 (2.15) 

o-c=~(*-l)(3fc + 2). 
Hence the central charges are 

a T = 1 , c Th = h -, (2.16) 

6 16 16 24' 6 4 12 6' V ; 
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Figure 6. Degeneration of a torus with one puncture into a sphere with three punctures. 
Circles with cross denote full punctures. At the degeneration point, we obtain two new full 
punctures. 



which agrees with the result in the literature [13]. Using (2.5), we can calculate R(B) 



Although we do not use this function to calculate the central charges, it seems to have 
interesting connection to the number of BPS states of this theory. 

For theories defined using the higher genus Riemann surface, the Coulomb branch 
dimension of the mirror does not give the right number of the Higgs branch dimension of 
the original theory (something exotic happens in the IR). We are going to use a result 
found in [27]: in degenerating the handles, one always has an SU{k) gauge group, 
and there are two more full punctures in the complete degeneration limit. So one can 
always degenerate the higher genus theory to a sphere with several newly appeared full 
punctures. As we described earlier, one can find the central charges of the sphere part, 
and then add the contribution from each decoupled gauge group. The central charge 
contribution from the decoupled gauge group part is (the Coulomb branch operator 
dimensions are 2, . . . , k and n v = k 2 — 1): 



Example 2: Consider a theory realized by a torus with one full puncture. We get 
the T k theory in the complete degeneration limit (see figure 6), plus a decoupled SU{k) 
group. Combining the central charges for each component (2.16) and (2.18), one has 




(2.17) 



asu(k) = — (k 2 -l), c SU (k) = -(k 2 -l). 



(2.18) 



a = a Tk + a S u{k) 



k 3 bk 2 

6~ ~ 48" 

k 3 k 2 



k 



16 



k 



(2.19) 



C= C Tk + C SU (k) 



6 



12 



12 
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2.3 Irregular punctures: general Argyres-Douglas theories 

There is another class of SCFTs called the Argyres-Douglas theories which has some 
different features from the above class of theories [31-34]. Their operator spectrum 
has fractional scaling dimension and there are relevant operators in the spectrum with 
dimensionful coupling constant. That is, for each relevant operator u, there is a coupling 
constant m, such that their scaling dimensions sum up to 2, i.e. [u] + [m] = 2. Such 
theories can be engineered using the six-dimensional (2, 0) theory on a sphere 

with an irregular singularity (higher-order pole) [2]. 5 There are two kinds of singularity 
combinations one could use. 

a. One irregular singularity. 

b. One irregular singularity at the south pole and one regular singularity at the 
north pole. 

The classification of irregular singularities defining the SCFT are studied in [2]. Now the 
coordinates z on the Riemann surface transform nontrivially under the U(1)r symmetry 
which gives the fractional scaling dimension. The mass parameter is still encoded in 
the coefficient of the first-order pole, 6 and the coefficient of the higher-order pole is 
the dimensionful coupling constant. The operator spectrum needed for calculating the 
central charges can be found using the following method: 

1. Find the singularity of the Seiberg-Witten curve defining the conformal point, 
then one can find the scaling dimensions of the coordinates of the curve by re- 
quiring the Seiberg-Witten differential A = xdz to have scaling dimension 1, since 
the differential gives the mass for the BPS particle. 

2. Find the general deformation of the Seiberg-Witten curve, and the scaling di- 
mension of the coefficient of the deformation using the scaling dimensions of the 
coordinates found from 1. 

Amazingly, the Argyres-Douglas point and the general deformation can be easily found 
from the defining data of the irregular singularity much as what happens in the reg- 
ular singularity case. Moreover, the 3d mirror (with Lagrangian description) can also 
be found from the structure of the singularity type, and one could readily find the 
spectrum. 

5 The A\ theory is considered in [6, 35, 36]. 

6 So it is easy to see the appearance of a Higgs branch of the corresponding Argyres-Douglas theory, 
as studied using other methods in [37] . 
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Figure 7. The Newton polygon for the (A 2 , A2) theory. The white dots on the lines a = k — 1 
and f3 = N — 1 are excluded from the spectrum. 



2.3.1 l k ,N theory: (A k -i,A N -i) theory 

This type of irregular singularity can be represented using a Newton polygon shown 
in figure 7: the vertices of the polygon have coordinates (k,0) and (0,N). This type 
of theory is called the (Ak-i, Aw-i) theory since its BPS quiver can be written as the 
direct product of the two Dynkin diagrams [38-40]. The theory is apparently invariant 
under exchanging k and N. The Ar gyres- Douglas point is defined by the following 
simple equation 

x k + z N = 0, (2.20) 
and the scaling dimensions of the coordinates are 

M = jvTP W = NTk- < 2 ' 21 ' 

The Seiberg-Witten curve under the general deformation is read from the integer points 
bounded by the Newton polygon. Each lattice point with coordinates (a, 0) gives a 
monomial deformation x a z 13 in the Seiberg-Witten curve. We exclude the points on 
the line a = k — 1 because the six-dimensional group is SU(k) and the line /3 = N — 1 
using the translational invariance of the z coordinate. Once the full Seiberg-Witten 
curve is written down, one can find the scaling dimension of the operator before each 
monomial using the above scaling dimension of the coordinates. Let us give a simple 
example showing how the above idea works in practice. Consider the (A 2 , A 2 ) theory. 
We can read off its Seiberg-Witten curve from the Newton polygon in figure 7 

x 3 + x(u x z + u 2 ) + z 3 + u 3 z + u A = 0. (2.22) 

The operator spectrum is 

M = ^, [«a] = l, [««] = 1, [ua} = \- (2.23) 
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Figure 8. The mirror quiver for the (A3, A3) theory. The grey nodes denote that the theory 
corresponds to an irregular singularity. 



We see that this theory has one relevant operator w 4 and a corresponding coupling 
constant u%. There are also two mass parameters U2 and U3. 

The 3d mirror of the Argyres-Douglas theory is known if N = kn: there are k U(l) 
groups and n arrows between any pair. See figure 8 for the 3d mirror of an Argyres- 
Douglas theory with k — 4 and N = 4. The Coulomb branch dimension of the mirror 
theory is equal to k — 1. 7 The Seiberg-Witten curve can be read from the Newton 
polygon as 



Note that the coefficients of the x k and the z N terms are scaled to be 1 and the z N_1 
term is zero by shifting the parameters. The operator dimensions can be easily found 
using our general method 



The Higgs branch dimension of the original theory is k — 1 as seen from the mirror and 
one can use (2.3) to get the following equations for a and c: 



x k + x k ~ 2 (u 2tl z 2n - 1 + ■■■ + u 2j2n ) + • ■ ■ + x k ~ l {u^z ln ~ l + ■■■ + m M ) +■■■ 

+ (Z N + U k ,2Z N ~ 2 + ■■■ + U k , N ) = 0. 



(2.24) 




a — c = 



k-1 



24 



(2.26) 



We solve the equations to find 



a = 



(k - 1) (2k 2 n 2 + 2kn 2 - 5n - 5) 
24(ra + 1) 



c = 



(k - 1) (k 2 n 2 + kn 2 - 2n - 2) 
12(ra + 1) 



(2.27) 



7 Notice that an overall U(l) is decoupled in the 3d mirror theory. 
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Theory a 



c 



! 6N 2 -5N-10 3N 2 - 2N - 4 

2 ' Ncvcn 24(iV + 2) 12(iV + 2) 

(JV-l)(12JV + 7) (N — l)(3iV + 2) 



I2.JV, 



■ "odd 



48(iV + 2) 12(iV + 2) 



8iV 2 -5iV-15 (N + l)(2N-3) 



L 3,7V=3n 



12(iV + 3) 3(iV + 3) 



(N — l)(16iV + 11) (jV - l)(4iV + 3) 
^s"^ 24(iV + 3) 6(iV + 3) 

Table 1. Central charges (a, c) for the type I (^4fe_i, A/v-i) theory. 



Substituting the above central charges into (2.5), we can determine R(B). 

(fc-l)fcn(fcn-l) (fe - l)Nk(N - 1) 

= WTY) = — WTk) — • (2 - 28) 

This is manifestly symmetric in k and N, which is good since the theory is the same 
under exchanging k and N. For other theories in this class, there is no 3d mirror. 
Our proposal of calculating the central charges is based on the assumption that R(B) 
is valid universally for any k and N. This is natural since R{B) is derived from the 
discriminant of the Seiberg-Witten curve which has a universal form. Based on the 
assumption, we now compute the central charges for N = kn—j, where j = 1, . . . , k — 1. 
The Seiberg-Witten curve read from the Newton polygon is 

* k + * k - 2 (■■■) + ■■■ + {ui, ai z ln - a ' + ■■■ + uu n ) +■■■ 
+ (z N + u ki2+j z N ~ 2 H h u kiN+j ) = 0. 

ai is taken such that u^ ai has a positive scaling dimension. The operator dimensions 
will be changed to 
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Figure 9. The Newton polygon for the 113,4 theory. 
We sum over the operators to find R(A) 

1=2 i =n+ 2+[j{l~l)/k\ V 

where [^J denotes the largest integer that is smaller than x. Then applying the uni- 
versal form of R(B) (2.28) for N = kn — j, we can determine the central charges using 
the general formula (2.5). For the k = 2 example, we recover the results in [2] 

12iV 2 - 10JV + hjN - ION [f J - 3f - 12 [§J 2 + I2j [§J + 16 j - 32 [§J - 20 
a = 48(N + 2) 

6A^ 2 - 5JV - 10 
~ 24(iV + 2) 1 J ~ °' 

_ (iV-l)(12iV + 7) 

48(A^ + 2) J 

(2.32) 

The general expression for higher k quickly becomes complicated, but can be computed 
case by case. We make a list of the central charges for k = 2 and k = 3 in table 1. 
Note that the expression of the central charges as a function of iV jumps when iV has 
a common factor with k. This is because there are mass parameters for these theories, 
which have extra degrees of freedom. 

2.3.2 II fcjiV theory 

The Newton polygon for the type II theories is shown in figure 9. The Argyres-Douglas 
points are defined by the turning point (1, JV') of the Newton polygon 



x k + XZ N> = 0. 



(2.33) 



Theory 



II 



3,7V=3n 



II 



127V' 2 - 5N' - 10 (N' - 1) (3N' + 2) 
12 (N' + 2) 3 (W + 2) 



16iV' 2 - 5N' - 9 4iV' 2 - N' - 2 



3,7V=3n.-2 



16 (N' + 2) 4 (JV' + 2) 



Table 2. Central charges (a, c) for the type II3 7V theory. When N = 3n, we have N = 2n = 
|iV, and the II3 JV theory is isomorphic to the 13^ theory. One can check that their central 
charges are the same by comparing with table 1. 

The top point of the Newton polygon with coordinates (0, N) is determined by N as 

N' 



N = N + 



k-1 



(2.34) 



The slope of the second segment of the Newton polygon is equal to the integer part of 
the slope of the first segment. The Seiberg-Witten curve is 



x k + x k ~ 2 (- ••) + ••• + x (z N ' + u k ^ 2 z N '~ 2 + ■■■ + %_ ljJV ') + 
+ {ukfiZ N + u k) iz N ~ l H h u ktN ) = 0. 



(2.35) 



When N = (k — l)n is an integer, this theory is the same as the I^jv theory. 

Assuming that R{B) is a universal function of N' , we can compute the central 
charges for any N' . We list the central charges for k = 2 and k = 3 in table 2. Notice 
that N can only take certain values due to the relation between N' and N (2.34). One 
may easily check that the central charges for N = kn coincide with table 1. As we 
discuss later, this class of theories is actually isomorphic to one class of type IV theories 
defined by adding an extra regular singularity. 



2.3.3 Type III theory: degenerating case 

If the pole is integer for the type I singularity, the eigenvalues of the coefficient of the 
irregular singularity pole can be degenerate and this defines a new class of theories. 
The defining data for the irregular singularity involves a sequence of Young tableaux 
Y n+2 C Y n+ i C • • • C Yi, s and each tableau Yj is obtained from further partitioning the 

8 This theory is a degenerating case of the lk,kn Argyres-Douglas theory. 
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previous tableau Yj + i. These Young tableaux specify the eigenvalue degeneracy of the 
pole matrices of the Higgs field in the Hitchin system. 

The Seiberg-Witten curve for the type III theory is the same as the type I theory, 
but not all the deformations are independent. The independent operators are counted 
as follows: to each tableau Yj we associate a vector whose z-th component is 

p®=i-s?\ (2.36) 

where s\ is the height of the z-th box of Yj. The Seiberg-Witten curve has the familiar 
form 

k 

x k + '^2^ i (z)x k - i = 0, (2.37) 

i=2 

where $i(z) is a polynomial in z. We want to determine a cutoff number di for each 
<&i(z) such that we only count the operators from the coefficient of x z^ with j < d^. 
di is determined by summing pf^ over all the Young tableaux as 

n+2 

d i = J2Pi ) - 2i + 1 - ( 2 - 38 ) 

i=l 

This number may be negative. Here we only consider the case where di > for 
simplicity. Other cases can be analyzed in a similar way. 

The rule for finding the 3d mirror for an irregular puncture is a little more compli- 
cated than for a regular puncture, but can be done step by step like atomic fission. First 
to Y n+ 2 we associate a quiver with nodes each labeled by the height of each column in 
Y n+2 . The nodes are connected to one another by n lines. Then we split each node into 
nodes of lower rank according to the form of Y n+ i. if one column with height m in Y n+2 
is further partitioned as several columns with height [mi, . . . , m s ], then one quiver node 
with rank m is decomposed into s nodes with rank (mi, . . . , m s ). The newly created 
nodes are connected to one another by n — 1 lines. We continue the procedure until Y 2 . 
In the last step, instead of splitting the nodes further, we attach a quiver tail according 
to the change from Y 2 to Y\. if a column with height h in Y 2 is decomposed into several 
columns [h%, . . . , h r ], we then attach a quiver tail as we do for a regular puncture with 
the Young tableau [hi, . . . , h r ]. 



For example, let us consider the sequence Y 3 = m , Y 2 = Mill , Yi = mini . 
The columns of Y3 have heights 3 and 2 so give a 3 — 2 quiver as shown in figure 10. 
To obtain Y 2 , we split the column of height 3 into three columns of height 1. Finally, 
we split the column of height 2 into two columns of height 1. Because this is the 
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Step 1 Step 2 Step 3 

Figure 10. The mirror pair of the SU(2) superconformal QCD from an irregular puncture. 



last step, we get a |_2j — 1 quiver tail which we attach to the single SU (2) node by 
gauging the flavor symmetry. Note that the resulting mirror pair coincides with that of 
the 577(2) superconformal QCD with Nf = A quarks. This gives us hints that theories 
defined with irregular singularities can also be used to define theories previously defined 
with regular singularities. This is actually true: every theory defined using the sphere 
with regular punctures has an irregular realization. Having described how to find the 
operator spectrum and the 3d mirror, we can then use the formula (2.3) to find their 
central charges. 

Example 3: Let us consider a simple example where every Young tableau has the 
form [k, k]. The number di from the formula (2.38) is 



dk = (n + 2) 



2z + l. 



(2.39) 



It determines the subset of Coulomb branch operators we sum over 

k In 



2a — c 



zE E 



4 ^— ' ^ \n + 1 

1=2 i=ln-di + l 



2% 



1 



(2.40) 



The 3d mirror has only two nodes with gauge group U(k), and its Coulomb branch 
dimension is 2k — 1. Using the formula (2.3), we find the central charges 



6k d n 2 - 8k s n - 8k d + 6k 2 n 2 + Akn + Ak - n - 1 
24(n + 1) 

(k + 1) {3k 2 n 2 - Ak 2 n - Ak 2 + Akn + Ak - n - I) 
12(ra + l) 



(2.41) 



2.3.4 Type IV theory 

One can add a regular singularity to the above three types of irregular singularities, 
and define another class of Argyres-Douglas theories with non-abelian flavor symmetry. 
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Figure 11. The Newton polygon and the mirror pair of the (14,4, F) theory. The white nodes 
come from the regular puncture, while the grey nodes come from the irregular puncture. 



If the original irregular singularity has a 3d mirror quiver description, then so does the 
new theory. We associate a quiver tail to the regular singularity, and then spray the 
U(k) flavor group into subgroups determined by the pattern of the Young tableau Y 2 
of the irregular singularity, and then glue them together. The operator spectrum can 
also be found using the Newton polygon: an extra line with slope 1 is drawn below the 
positive x axis. See figure 11. The method of finding the central charges a and c are 
quite similar. We show some examples below. 

(Ifc,jV, F) theory: Let us add a full puncture Y — [1, . . . , 1] to the irregular singularity 
denning the I^jy theory. We call it the (I^jv, F) theory. The Seiberg-Witten curve at the 
Argyres-Douglas point is the same as the I^jv theory, and the analysis of the spectrum 
is very similar. For N = kn (j = 0), the Seiberg-Witten curve is 



(2.42) 



The crucial difference is that the deformation corresponding to the points on the line 
= N — 1 should be turned on because the the extra regular puncture breaks the 
translational invariance of the z coordinate. See figure 11 for the Newton polygon and 
the mirror pair of the (14,4, F) theory. The Coulomb branch dimension of the mirror 
theory is ( fc ~ 1 )( fc+2 ) _ \y e learn from (2.3) that 

E Utt- 1 )' °- c = - is - (2 - 43) 

1=2 i=n+2 v 7 

Note that we do not include Uj,j( n +i) because they are mass terms with scaling dimen- 
sions I. We solve the equations to find the central charges and via (2.5) the universal 
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Figure 12. The Newton polygon and the mirror pair of the (I44, S) theory. 




Figure 13. The Newton polygons for the a) II3 4 theory, b) (13,2, S) theory. 



form of R{B) 

a = — (k - 1) {Ak 2 n + Ak 2 + Akn - k - 10) , 
48 

c = ^(k- 1) {k 2 n + k 2 + kn-2) , (2.44) 
R(B) = j(k — l)k(N + k — 1). 

(lk,N, S) theory: Let us add a simple puncture with the Young tableau Y = [k — 1,1] 
to the type I irregular singularity. The Newton polygon and the mirror pair for the 
(14,4, S) theory is shown in figure 12. This theory is isomorphic to the II Ar+lfe+ |^AJ 
theory as can be seen by looking at the spectrum. See figure 13. The Seiberg-Witten 
curve still has the same form as (2.42), but only the coefficients of the - term are 
counted as independent Coulomb branch operators. For N = kn (j = 0), the Coulomb 
branch dimension of the mirror theory is k, and we have 

1=2 i=n+2 v 7 
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Theory 



(l2,7V cvcn , F) 


^(3iV + l) 


^(3iV + 2) 


(h,N odd ,F) 


(iV + l)(4iV + 7) 


N + l 


16(iV + 2) 


4 


(l3,AT=3n) F) 


l(16iV + 23) 


i(4iV + 7) 





(JV + 2)(4iV + ll) 
6(iV + 3) 


2(iV + 2) 
3 


(h,N=3n, S) 


167V 2 + 39iV + 9 
24(iV + 3) 


8N 2 + 21N + 9 
12(iV + 3) 


( I3 At 3 ™" 1 ) ) 

V ' 3n-2 / 


(JV + l)(4iV + 7) 
6(iV + 3) 


(iV + l)(8JV + 15) 
12(iV + 3) 



Table 3. Central charges (a, c) for the I^ jv theory with a full/simple regular puncture. 

The central charges and the universal form of R{B) are 

_ k {2k 2 n 2 + 6kn - 2n 2 - 5n + 1) 
a ~ 24(n + l) ' 

k (k 2 n 2 + 3A;n - n 2 - 2n + 1) 



I I 1 • ( 2 - 46 ) 

12(n + 1) 

R(B)- HN+l)(kN-N + k) 



4(N + k) 

Applying R(B) to other cases, we find the central charges for theories with N = 
kn — j as before. We make a list for k = 2 and k = 3 in table 3. Note that when k = 2, 
a simple puncture is also a full puncture, so their central charges agree. We recover the 
central charges for the (Ai,D N+2 ) theories [2]. 9 



9 The label (At, Djy +2 ) means that the BPS quiver of the theory has the -Djv+2 shape. This theory 
is labeled as (h,N,F) in this paper. 
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Figure 14. Mirror pairs of the (Ilg^, S) theory and the (IIg 5 4,F) theory. 



Theory 


a 


c 


(n2,7V cvon ,-F) 


h {6N ' + 1} 


I (3iV + 1) 


(Il3,iV=3n, F) 


1 (24iV + 23) 


i (6iV' + 7) 


(Il3,Af=3n-2, F) 


16iV' 2 + A9N' + 35 
16 (N' + 2) 


i(4AT + B) 


(n 3i 7v=3n, S) 

(n 3)A r =3n _2, s) 


8iV' 2 + 13iV' + 2 
8 (JV' + 2) 

A8N' 2 + 83N' + 25 


4iV' 2 + 7iV' + 2 
4 (N' + 2) 

(2iV' + 1) (3N' +4) 


48 (N' + 2) 


6 (iV' + 2) 



Table 4. Central charges (a, c) for the type llk,N theory with a full/simple regular puncture. 



(IIfc,jv, S) and (IIfc,jv, F) theory: As with the type I irregular singularity, we can add 
a simple or a full regular singularity to the type II irregular singularity. The central 
charges can be calculated in exactly the same way as before. See table 4. 
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• — 13,N 



(h,N,F) 



25 30 35 



N 



(Ai,Ay-i) 
■ (A 2 ,A N - 1 ) 
♦ (A3, Ajv_i) 





tis »••••• 



5 10 15 20 25 30 35 



N 



Figure 15. a) The ratio a/c asymptotes to 1 at large N. b) Central charge a for type 1^ n 
theories. 



2.4 General features of the central charges 

The ratio of central charges a/c is of interest and it is bounded for any M = 2 theory 
by [14] 

1 n 

(2.47) 



l < a < 5 
2 ~ c ~ 4 



This bound is obtained based on a positive energy assumption in [41], and it is derived 
using topological gauge theories in [14]. The lower bound is attained by free hyper- 
multiplets and the upper bound by free vectormultiplets. The central charge ratios of 
all our theories fall inside this bound, which strongly confirms that our methods are 
correct. Moreover, they all approach 1 at large N, which suggests that there should be 
a nice supergravity dual. See figure 15a. 

We can also plot the central charge a as a function of N for each type of theory and 
see that it indeed decreases monotonically as iV decreases. See figure 15b. Although 
the central charge c is not guaranteed to be monotonic in general, we find that it has 
a similar behavior as the central charge a for our class of theories because the ratio 
a/c rapidly approaches 1. In the next subsection, we are going to study the RG flow 
between these theories and check that it satisfies the a-theorem. 



2.5 RG flow of general Argyres-Douglas theories 



For the Argyres-Douglas theory, there are relevant operators in the spectrum. One can 
turn on the relevant deformation and flow to a new fixed point in the infrared, i.e. one 
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can turn on the deformation [31] 



/ 



d A 6 ^-U, (2.48) 



where (v) is the expectation value of certain operator with dimension 1. The coupling 
constant is identified asm = ^ with scaling dimension 

[m] = 1 - a, (2.49) 

and the operator U has dimension [U] — 1 + a. U is an irrelevant operator when 
[U] > 2, marginal when [U] = 2, and relevant when [U] < 2. 

We want to find the nearest IR fixed point with the minimal decrease in the central 
charge a by turning on a relevant operator. This can be easily done by looking at the 
Seiberg-Witten curve under the corresponding deformation. Let us look at the Argyres- 
Douglas point of the (Ak-i, Aw-i) theory: 

x k + z N = 0. (2.50) 

If the coupling constant deformation for the relevant operator corresponds to turning 
on the term z N ~ 2 , then the Seiberg-Witten curve is 

x k + z N + = o ( 2.5i) 

and a = j^rf . In the deep IR as /x — > 0, one needs to take a scaling limit 

x -> {(v)fi ai )^ x' , z^{n a2 )^z'. (2.52) 

We require that the \x factor for x k and z N ~ 2 are the same, and that the sum of the 
new coordinates have dimension 1. Therefore we have the equations 



N-k 

o l =e 2 -o = e 2 -— k ., 
(l+^ + a^ = 0. 

Solving the equations, we get 



(2.53) 



_ k 2 - 2kN + 2k-N 2 + 2N 2k(N - 2) 

° X ~ (N + k-2)(N + k) ' ° 2 ~ ~(N + k-2)(N + k)' ( ' ' 
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A 
B 

C 




Figure 16. The minimal flow from theory A is to theory B since the Newton polygon for B 
is right below A. Similarly, the minimal flow from theory B is to theory C. 



The second term in (2.51) can be ignored in the limit fi — » 0, and we get the new 
Argyres-Douglas point 

x' k + z' N - 2 = 0. (2.55) 

It is easy to check using the solution (2.54) that x and z indeed have scaling dimensions 
jV A ^ fc 2 2 and N + k _ 2 ■, respectively; so the new IR fixed point is the (Ak-i, Aw-3) theory. 
For some other cases, the least relevant deformation corresponds to turning on the term 
xz N ~ 2 . Using exactly the same logic as the above analysis, we get the new fixed point 

x k + xz N ~ 2 = 0, (2.56) 

which is a type II theory. 

Let us use the above method to find the least RG flow for other Argyres-Douglas 
theories. For the type II theory whose Argyres-Douglas point is 

x k + xz N ' = 0, (2.57) 

the least relevant deformation corresponds to the monomial z N + Lk^rJ. The IR fixed 
point would be a type I theory 

x k + z N'+l^\ = _ (2.58) 

When flowing between type I theories, N decreases by at least 2 because the defor- 
mation corresponding to the term z"- 1 is excluded. Similarly, when we flow from one 
type II theory to another, N decreases by at least 2. 

The above least RG flows can actually be seen easily from the Newton polygon: if 
the Newton polygon of theory B is right below theory A, then the least flow is from A 
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Figure 17. The minimal flows between the A\ and the A 2 Argyres-Douglas theories. 



to B. See figure 16. 

If there is an extra regular singularity to the type I singularity (we consider a 
simple singularity here since other cases can be flown to this one by higgsing the flavor 
symmetries), namely the (lk,N, S) theory, then the least relevant deformation is subtle 
and we can not naively perform the above kind of analysis. However, recall that this 
type IV theory has a realization as a type II theory which uses only one irregular 
singularity, and the Argyres-Douglas point is 

x N+1 + xz k = 0. (2.59) 

The least relevant operator corresponds to turning on the deformation 

x N+1 + xz k + uz k+ l^\ =0, (2.60) 

and the new Argyres-Douglas point is x N+1 + z fc+ LivJ = 0. The regular singularity is 
gone since we have turned on the relevant operators from this singularity. So if k < N, 
the new IR fixed point of the minimal flow is actually the lk,N+i theory. 

Since we have calculated the central charges for these SCFTs, let us check whether 
the a-theorem is obeyed for these flows. The RG flow patterns for the Ai and the A 2 
Argyres-Douglas theories are shown in figure 17. It is easy to check that all the RG 
flows satisfy the a-theorem using our explicit central charge formula. 

Example 4: Let us study in detail the RG flow sequence by starting with the E 8 
Argyres-Douglas theory. 10 We begin with the (A\, Eg) ~ (A 2 , A4) curve at the Argyres- 

10 The label in the E n ADE theory means that the corresponding BPS quiver has the E n shape. 
This should not be confused with the Minahan-Nemeschansky E(n) theory, where E(n) denotes the 
flavor symmetry [25, 26]. 
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Douglas point 

x 3 + z 5 = 0, [x] = 5 -, [z] = 3 -, a=f 8 , c=f 2 . (2.61) 

We perturb by the term uxz 3 corresponding to the operator u whose scaling dimension 
is [u] = 1/8. It becomes dominant in the IR and we obtain a new curve 

x 3 + xz 3 = 0, = ? [z} = 2 - 1 a=? c=^. (2.62) 

Note that the dimensions of x and z have now changed. In the IR curve, the operator 
corresponding to the UV term vz 5 has dimension [v] = —1/5 and so is irrelevant. 
The curve is the (Ai,Ej) curve. Let us keep flowing further into the IR. The relevant 
operator with the lowest dimension is wz 4 , and we obtain the (Ai, E 6 ) ~ (A 2 , A 3 ) curve 

x 3 + z 4 = 0, [x] = j, [z] = 3 -, a=g, c=f A . (2.63) 

The lowest possible dimension of the relevant operator in this theory is 2/7, which is 
attained by the term xz 2 . The SCFT is the (A\, D4) theory 

x 3 + xz 2 = 0, a = ^-, c=\. (2.64) 

Flowing deeper into the IR, we obtain the (A2, A{) curve 

„ n 43 11 . 

x s + z 2 = 0, a = , c=— . 2.65 

120' 30 v ; 

Flowing even deeper into the IR, we obtain the 113,1 curve 

x 3 + xz = 0, a=^, c=^. (2.66) 

This theory has only a single free hypermultiplet. Going all the way down, we obtain 
the (A 2 , Aq) curve 

x 3 + z = 0, a = 0, c = 0. (2.67) 
This is a trivial theory and the flow stops. The RG flow pattern is shown in figure 18. 
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Figure 18. RG flow from the Eg Argyres-Douglas theory. 

3 Flavor central charge Uq 

The theories defined using the Riemann surface with defects in different duality frames 
can be thought of as gauging the flavor symmetry of two kinds of matter: a type IV 
Argyres-Douglas theory engineered using an irregular singularity and a regular singu- 
larity, and an isolated SCFT engineered using the sphere with three punctures. To 
calculate the contribution to the beta function of the gauge group, it is useful to find 
the central charge associated with the flavor group. 

The central charge of the flavor group is defined as the coefficient ka of the leading 
term in the operator product expansion of two G-currents 

J«( x ) j*( ) = ^^^V_2V, + . . . (3 1} 

This normalization is taken such that fee = 1 for one fundamental matter of SU(k). The 
M = 2 supersymmetry relates the current central charge ka to the 't Hooft anomaly 
via the relation 

k G 5 AB = -2tr{RT A T B ). (3.2) 

Our proposal for calculating ka for our class of theories is based on the following 
assumption: ka is equal to the dimension of the operator with the maximal scaling 
dimension among those operators from the regular singularity. Let us look at the 
(Ai, Dn +2 ) theory which is realized as a sphere with one irregular singularity and one 
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regular singularity. Its Seiberg-Witten curve is 



2 

2 _ JV i N-l , I , U N+1 m 



X =2 +UiZ H htt/H 1 ;r. (3.3) 

The central charge fee is given by the dimension of the operator un+i coming from the 
regular singularity 

kc = K+i] = (3-4) 

which is in exact agreement with the results in the literature [42]. k G = 1 for iV = 0, 
which is good since the corresponding theory has just one hypermultiplet; k G = for 
N = —1 which is also perfect since the theory is trivial. 



This could be easily generalized to the higher-rank case. Let us take the type I 
irregular singularity that defines the (Ak-i, Aw-i) theory, and the regular singularity 
is the full one. The Seiberg-Witten curve is 

x k + ---+(z N + v lZ ^ + ... + V ^ + ... + V -^ + V -^)=0. (3.5) 

Then the maximal scaling dimension of the local operators from the regular singularity 
is from v^+k-i and the central charge is 

k G = [v N+k ^] = k[x] +(k- l)[z\ = k{N ^~ l) - (3.6) 
When iV = —k + 1, we have k G = which is correct since the theory is trivial. 



If we use the irregular singularity corresponding to the type II Argyres-Douglas 
theory, then the Seiberg-Witten curve in the presence of the regular singularity is 

k i i / N' , \ I ( N , i v N+k-l v N+k\ n !o „\ 

x +---+x{z +...) + \v z +-.. + — ^ + =0. (3.7) 

The scaling dimensions are now [x] = N > 1 ^ k _ 1 and [z] = N ! t ~ k _ 1 - VN+k-i is still the 
operator with the highest scaling dimension from the regular singularity. The central 
charge is 

k G = [v N+k ^] = N , + \_ 1 ) ■ (3-8) 

When N' = —k + 2, we have k G = 1 which is good since the theory has just one 
fundamental of SU(k). 
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4 Conclusion 



In this paper, we have calculated the central charges a, c, kc for a large class of su- 
perconformal field theories. They agree with all the previous calculations and include 
many new results. The RG flow between the general Argyres-Douglas theories can be 
described precisely and confirms the a-theorem. As we only did an elementary analysis, 
it would be nice to perform a more detailed study of the RG flow patterns. 

Our calculation of the central charge a suggests that there should be a good su- 
pergravity dual. It would be interesting to find the explicit gravity solution and to use 
other methods such as the holographic dual and the direct study of the Seiberg-Witten 
curve to confirm our calculation. It is straightforward to extend to superconformal field 
theories defined using the six-dimensional Dn theory [43] and regular singularities, and 
theories using other types of regular singularities [44]. It would be interesting to cal- 
culate the central charges for other strongly-coupled theories considered in [38, 45-51]. 

The function R(B) is related to the number of codimension one singularities on the 
Coulomb branch where extra massless dyons appear. These dyons should be included 
in the stable BPS spectrum which has been found in [9] for a large class of theories 
studied in this paper. It seems that R{B) encodes the number of BPS particles in 
the maximal or minimal finite chamber. We have checked this for many examples 
which confirm the above conjecture, i.e. the (Ai, Ajv_i) and (Ai,Dn +2 ) theory, where 
R{B) gives the maximal chamber. Moreover, R(B) for the theory (2.17) is equal to 
j2k(k — l) 2 and this function reveals that one BPS chamber should have 2k(k — l) 2 
BPS states. Indeed, it is found in [9] that the minimal chamber of the Tk theory has 
2k(k — l) 2 states. It would be interesting to further explore the relation between the 
function R(B) and the BPS spectrum. 

These Argyres-Douglas theories are like the minimal model of 4d Af = 2 supercon- 
formal field theories. It would be worthwhile to explore other properties of them such 
as the conformal block, index, the relation to integrable model, etc. We believe that the 
study of these theories would provide many important insights into the understanding 
of the dynamics of quantum field theory. 



A Review on topological gauge theory and the central charges 

In this appendix, we review the method proposed in [14] for calculating the central 
charges. The M = 2 superconformal field theory has an SU(2)r x U(1)r symmetry. If 
we introduce a background gauge field IV" for the SU (2) R symmetry, then the anomaly 
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equation for the U(1)r current is 

d,R" = c -^R^R»v P « + ^^w^wr- (A.i) 

The topological twist of a four-dimensional M = 2 theory is done by setting the 
background gauge field equal to the self-dual part of the curvature of the four-manifold: 

W ilu ta pa = 2 (.Rp-vpcr + Rpupa)- (A. 2) 

After this twisting, one can find a nilpotent supercharge Q and the theory makes sense 
on any curved manifold. By taking a proper basis for the t matrix, we have 

^ T pu^a 2 ^R^-v poRpv pa RpupaRpupa^j i (A-3) 

where R^ upa = \^- fJl u be pa d Rabcd- The anomaly equation for the Af = 2 U(1)r current of 
the twisted SCFT then becomes 

dpR^ 1 -. n TT R pvpcr R pupa ~t~ ~7~Z ^RpvpcjRpvpcr- (A-4) 

l07T z l07T z 

Similarly, one could introduce a background gauge field for the global symmetry G, 
and the integrated anomaly equation becomes 

AR = 2(2a - c)x + 3ar - k G n, (A.5) 

where x is the Euler characteristic, a is the signature of the four-manifold, and n is 
the instanton number for the background gauge field of the global symmetry. A free 
hypermultiplet contributes AR = a/A and a free vectormultiplet contributes AR = 
(x + c)/2 if there is no background flavor gauge field. 

Now we are going to use the 't Hooft anomaly matching condition to find the central 
charges from the low-energy description of the topologically twisted theory. The path 
integral for the IR theory has the following representation 

Z = J[du][dq]A x B a C n e- s ^-^y. (A.6) 

The measure factors (A, B,C) can be used to compensate the IR i?-anomaly. Let us 
first assume that there is no background gauge field for the flavor symmetry. If there 
are r free vectormultiplets and h free hypermultiplets at a generic point of the Coulomb 
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branch, then the anomaly matching condition implies 



R(A) X + R(B)a + r ^±^l + ^ = 2 (2a - c) X + 3ca. (A.7) 

Comparing the coefficients of x an d cr, we obtain two equations which we solve for the 
central charges in terms of the -R-charges of the measure factors 



R(A) R(B) 5r h 



R(B) r h 



(A.8) 



The measure factors A and B are conjectured to take the following form 

dm 



a 



det 



da 1 



B = f3A«, 



(A.9) 



where A is the physical discriminant which counts the number of singularities on the 
Coulomb branch. For this form, it is easy to see that 



i?(A) = 2[A] = ^(M-l), R(B) = \[A], 

i 

and A is usually difficult to calculate. 



(A.10) 
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